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Abstract 

In this work, we consider the hedging error due to discrete trading in mod- 
els with jumps. Extending an approach developed by Fukasawa (2011) 
for continuous processes, we propose a framework enabling to (asymptot- 
ically) optimize the discretization times. More precisely, a discretization 
rule is said to be optimal if for a given cost function, no strategy has 
(asymptotically, for large cost) a lower mean square discretization error 
for a smaller cost. We focus on discretization rules based on hitting times 
and give explicit expressions for the optimal rules within this class. 
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1 Introduction 

A basic problem in mathematical finance is to replicate a random claim with 
J-y-measurable payoff Ht with a portfolio involving only the underlying asset 
Y and cash. When Y follows a diffusion process of the form 

dYt = ^l{t,Yt)dt + a{t,Yt)dWt, (1) 

it is known that under minimal assumptions, a random payoff depending only 
on the terminal value of the asset Ht = H{Yt) can be replicated with the 
so-called delta hedging strategy. This means that the number of units of under- 
lying to hold at time t is equal to Xt — ^^^p^, where P{t,Yt) is the price of 
the option, which is uniquely defined in such a model. However, to implement 
such a strategy, the hedging portfolio must be readjusted continuously, which is 



1 



of course physically impossible and anyway irrelevant because of the presence of 
microstructure effects and transaction costs. For this reason, the optimal strat- 
egy is always replaced with a piecewise constant one, leading to a discretization 
error. The relevant questions are then: (i) how big is this discretization error 
and (ii) when is the good time to readjust the hedge. 

Assume first that the hedging portfolio is readjusted at regular intervals of 
length h = ^. A result by Ruotao Zhang [12], see also [31 [T3] then shows 
that for Lipschitz continuous payoff functions, assuming zero interest rates, the 
discretization error 



XtdYt 



X 



hlt/h] 



dYt 



satisfies 



/i— >o z 



Jo [dY^J 



ais,Y,)Us 



(2) 



Of course, it is intuitively clear that readjusting the portfolio at regular deter- 
ministic intervals is not optimal. However, the optimal strategy for fixed n is 
very difficult to compute. 



Fukasawa simplifies this problem by assuming that the hedging portfolio 
is readjusted at high frequency. The performance of different discretization 
strategies can then be compared based on their asymptotic behavior as the 
number of readjustment dates n tends to infinity, rather than the performance 
for fixed n. Consider a discretization rule : a sequence of discretization strategies 

= To" < Ti" < • • • < < . . . , 

with sup J \T'jXi - Tj"! ^ as n ^ oo and let 7V^' := max{j > 0;T;' < T} be 
the total number of readjustment dates on the interval [0, T] for given n. To 
compare different discretization strategies in terms of their asymptotic behavior, 
Fukasawa [Hj uses the criterion 

hm E[N^]E[{£")t], (3) 

where (£"") is the quadratic variation of the semimartingale (£'")t>o. He finds 
that when the underlying asset is a continuous semimartingale, the functional 
([3]) admits a nonzero lower bound over all discretization rules, and exhibits a 
specific rule which attains this lower bound and is therefore called asymptoti- 
cally efficient. 



In the diffusion model (jlj , the asymptotically efficient rule takes the form 
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where /i„ is a deterministic sequence with ft,„ — >■ 0. For this efficient rule one 
has 



Using the Cauchy-Schwarz inequality, we then see that the asymptotically effi- 
cient strategy leads to a gain of at least a factor 3 (and in practice, much more), 
compared to readjustment at regularly spaced points. 

While the above approach is quite natural and provides very explicit results, it 
fails to take into account important factors of market reality. First, the asymp- 
totic functional is somewhat ad hoc, and does not reflect any specific model 
for the transaction costs. Yet, transaction costs are one of the main reasons why 
continuous (or almost continuous) readjustments are not used. Therefore, they 
should be the determining factor for any discretization algorithm. On the other 
hand, the continuity assumption, especially at relatively high frequencies, is not 
realistic. Indeed, it is well known that jumps in the price occur quite frequently 
and have a significant impact on the hedging error. It can even be argued that 
high-frequency financial data are best described by pure jump processes [6]. 

The objective of this paper is therefore two-fold. First, we develop a framework 
for characterizing the asymptotic efficiency of discretization strategies which 
takes into account the transaction costs. Second, we remove the continuity 
assumption in order to understand the effect of the activity of small jumps (of- 
ten quantified by the Blumenthal-Getoor index) on the optimal discretization 
strategies. 

Models with jumps correspond to incomplete markets, where hedging is an 
approximation problem; 



where Y is now a semimartingale with jumps. The optimal strategy X* for this 
problem is known to exist for any Ht G [lOl El [181 [TBI [7] . If the expectation in 
(O is computed under a martingale probability measure, then for any admissible 




whereas for readjustment at equally spaced dates, formula ^ yields 
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strategy X' , 



E\c+ \ X'dYt-Hr = E 



'0 



(^J\x',_ - x:_)dY^ 

+ e(c + J^ X:_dYt-HT] . (6) 



Indeed, / Xf_dYt is essentially the orthogonal projection of Ht on the subspace 
of constituted by the stochastic integrals of the form J Xt-dYt where Xt- 
is an admissible hedging strategy. Therefore, the quadratic hedging problem 
([5]) and the discretization problem can be studied separately. Given that the 
quadratic hedging problem has already been studied by many authors, in this 
paper we concentrate on the discretization problem. 

Our goal is to study and compare discretization schemes for stochastic integrals 
of the form 

Xt^dYt, 





where Xt and Yt are semimartingales with jumps, with the aim of identifying 
asymptotically optimal schemes. In particular we wish to understand the impact 
of small jumps of X on the discretization error, and therefore we assume that X 
has no continuous local martingale part, see the discussion in Section[2] (Remark 
[5]). Motivated by the decomposition we will measure the error associated 
to a discretized strategy X' by the criterion 



E 



rT ^ 
{Xt- - X't_)dYt 
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Also, to each discretized strategy X' we associate various cost functionals de- 
pending in particular on the readjustment dates, which may represent the effect 
of transaction costs induced by the strategy X'. For example, the cost func- 
tional can simply be given by the expected number of readjustment dates. In 
our framework, a discretization strategy will be said to be optimal for a given 
cost functional if no strategy has (asymptotically, for large costs) a lower dis- 
cretization error and a smaller cost. 



In this work, motivated by the representation Q and the readjustment rules 
used by market practitioners, we focus on discretization strategies based on the 
exit times of X out of random intervals and characterize explicitly the asymp- 
totic behavior of the associated errors and costs. This allows us to determine the 
optimal intervals. In particular, we show that in the case where the cost func- 
tional is simply the expected number of discretization dates, the error associated 
to our optimal strategy with the cost equal to N, converges to zero as TV — > oo 
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at a faster rate than the error obtained by readjusting at N equahy spaced dates. 

In the case of exponential Levy models, we obtain an explicit representation 
for the optimal discretization dates, which is similar to but includes two 
"tuning" parameters: an index which determines the effect of transaction costs 
(fixed, proportional, etc.) and the Blumenthal-Getoor index measuring the ac- 
tivity of small jumps. 

This paper is structured as follows. In Section [21 we define the error and cost 
functionals and introduce the notion of asymptotic optimality based on limiting 
behavior of these functionals. The class of discretization rules based on hitting 
times of the process X is also introduced here. Section 13.11 contains the main 
results of this paper which characterize the limiting behavior of the error and 
the cost functionals, as well as the explicit examples of optimal discretization 
strategies. Sections S] and [B] contain the proofs of the main results and Section 
[5] gathers some technical lemmas needed in Section |51 

2 Framework 

Asymptotic comparison of discretization rules We are interested in com- 
paring different discretization rules for the stochastic integral 

/ Xt-dYt, 

JQ 

where X and Y are semimartingales, in terms of their limiting behavior when 
the number of discretization points tends to infinity. A discretization rule is a 
family of stopping times (T!f )^>q parameterized by a nonnegative integer i and 
a positive real e, such that for every e > 0, = Tg < Tf < T| < . . ., and 
sup{i : < T} < oo. For a fixed discretization rule and a fixed e, we denote 
r){t) = sup{Tf : Tf < t} and Nt = sup{i : Tf < T}. 

The performance of a discretization rule is measured by the error functional 
£{e) : (0,cx)) — > [0, cx)) and the cost functional C(e) : (0, cxo) — > [0,oo). We 
assume that the cost functional is such that 

limC(e) — +0O. 

eiO 

For C > sufficiently large, we define 

e{C) = inf{e > : C{e) < C} 

and £{C) := £{e{C)). 

Definition 1. We say that the discretization rule A asymptotically dominates 
the rule B if 

limsup —n < 1. 

C^oo £ (C) 
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In order to apply Definition [TJ the following lemma will be very useful. 



Lemma 1. Assume that the cost and error junctionals are such that there exist 
a > and & > such that for two discretization rules A and B , 



lim £-°£^ (e) = S"^ and lim eT^ (e) ^ C 

6iO EiO 



lim £-°£" (e) = 5^ and lim eT" (e) = 



for some constants £^ , C"^ , and . The 



-7^ A, 



lim sup — B = 

Proof. We remark that under the assumptions of the lemma, 



(7) 



eiC) 



C —i' oo, 



and the rest of the proof follows easily. 



□ 



Definition of the error and cost functionals We consider the error func- 
tional given by the error 



£{e) := E 



(8) 



and a family of cost functionals of the form 



E 



Xj 



i>l:T'<T 



(9) 



The case (3 = correspond to a fixed cost for each discretization point, and 
the case /? = 1 corresponds to proportional costs. The index /3 will be omitted 
whenever this does not lead to confusion. 



Discretization rules based on hitting times We shall consider discretiza- 
tions based on the hitting times of the process X. Such a discretization rule 
is defined by a pair of positive F-adapted cadlag processes {at)t>o and {af)t>o- 
The discretization dates are then given by 

Tf+i ^ M{t >T^^ -.Xti [Xt^ - eaj,. , Xt- + ear/ )}■ 

Remark 1. Consider the discretization rules A ~ {a, a) and B = {ka,ka) with 

^ 

fc > 0. These two strategies satisfy E (C) = E (C) for all C > 0. Therefore, 
the optimal stratigies will be determined up to a multiplicative constant. 
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Assumptions Our first main result describing the behavior of the error func- 
tional wiU be obtained under the assumptions {Hy), [Hx) and {H}^^) stated 
below. 

[Hy) We assume that the process y is a F- local martingale, whose predictable 
quadratic variation satisfies (Y)t = /q Asds, where the process {At) is 
assumed cadlag, locally bounded, and satisfies 



E 



< oo. 



sup max (aj,as)^ / Atdt 

0<s<T Jo 

Under this assumption the error functional ([8]) becomes 



£{e) = E 



{Xt~X^^t)fAtdt 



(Hx) The process X is a semimartingale defined via the stochastic representa- 
tion 

Xt^Xo+ f bsds+ f f z{M - fj,){ds X dz) + f f zM(ds x dz), 

Jo Jo "'|z|<l "'0 J\z\>l 

(10) 

where M is the jump measure of X and fi is its predictable compensator, 
which satisfies additionally ii{dt x dz) = dt x Xt Kt{z) iy{dz), where A is a 
positive cadlag process and v is a, Levy measure satisfying 

a;"j^((a;, oo)) — > c+ and x°'iy{{—oo, ~x)) ^ C- when x — ?> 0. (Ha) 

for some a E (1,2) and constants c+ > and c_ > with c-|_ + c_ > 0. 

(^loc) There exists an increasing sequence of stopping times (t„) with r„ — > T 
such that for every n, 



\./lU{z)-l\^Pu{dz)dt<K,,, 
1^ \i(Lt'^t £ Kn and \bt\ < A'„ for < t < r„ and some constant 

Kn > 0. 

Remark 2. — In this paper, we focus on semimartingales for which the local 
martingale part is purely discontinuous, with the aim of determining the effect 
of small jumps on the convergence rate of the discretization error. Therefore, 
we do not include a continuous local martingale part in the dynamics of X. 
The dynamics of Y can, in principle, include such a continuous local martingale 
part, however in the usual financial models, when X has no continuous local 
martingale part, this is also the case for Y. 
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— The parameter a measures the activity of small jumps of the process X. In 
the case where X is a Levy process (that is, 5, A and K are deterministic and 
time- independent), the parameter a coincides with the so called Blumenthal- 
Getoor index of X (see 3 ). 

— Finally, the assumption 1 < a < 2 implies that X has infinite variation and 
ensures that the local behavior of the process is determined by the jumps rather 
than by the drift part (see [TT]). Note that in a recent statistical study on liquid 
assets [T], the jump activity index defined similarly to our parameter a was 
estimated between 1.4 and 1.7. 

To obtain our second main result concerning the behavior of the cost functional, 
we shall need the following additional technical assumptions. 

(Ci) There exists C < oo such that 

Kt{z)v{dz) < Cx-", Va; > 0. 



\z\>x 

(C2) For some S e (0, 1) with /J(l + S) < a, 



E sup (max{af"\af-i}i+^ + max{aii+*)'3-i^-(i+5)^-i|) ib^\^+Sds 

-0<s<T Jo 



E 



sup maxK, a.}('^^(2-a))(i+5) „iin{a^^ a,}(('5-2)A(-a))(i+5) ^i+S^^ 

0<s<T Jo 



< 00. 



(C^) For some S e (0,1), 



E 



sup min(a„as)-"(i+'') / \l+^dt+ sup min(a„ a,)-^-'' / \bt\^+^dt 

<s<T Jo 0<s<T Jo 



0<s<T 



< 00. 



3 Main results 

In this section, we first characterize the asymptotic behavior of the error and 
cost functionals for small e. From these results we then derive the asymptotically 
optimal discretization strategies using Lemma [1] 

3.1 Asymptotic behavior of the error and cost functionals 
Theorem 1. Under the assumptions {Hy), (Hx) and (Hi^^), 

cT 



lim e-^£{e) = E 



, Aj-^dt 
9{3Lt,at) 



(11) 
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where, for a,a £ (0, oo), 

f{a,a)=E 



g{a,a) = E[t*] 



with T* = inf{i > : ^ {—a, a)}, where X* is a strictly a-stable process with 
Levy density 

Theorem 2. We use the notation of Theorem\^ 

i. Let the assumptions (Hy), (Hx), (^^loc)' (^i) '^'^'^ (^2) satisfied. Then, 

i-T 



lim£°C°(£) = E 



9iat,at) 



dt 



(12) 



ii. Let the cost function be of the form with j3 G (0, a) and assume that 
{Hy), {Hx), {HC^J, (Ci) and {C2) hold true for some p > ^V2. Then, 



lim e"-^C{e) = E 

e—>-0 



(13) 



where 



lo 9{at,at) 
u^{a,a) = E[\X;,f] < 00. 

3.2 Application: computing the optimal barriers 

The above results will now be used to compute the asymptotically optimal 
barriers and at ■ In view of Lemma [TJ we need to solve the optimization 
problem 



miuE 

a a 



A^^dt 

9{3Lt,a,t) 



E 


[L 







\f{at,at)^^ 
h giauat) 



Since the functions /, u and g are homogeneous (by the scaling property), the 
solution is only determined up to multiplying a and a by the same constant, 
and therefore, the set of solutions to the above problem coincides with the set 
of solutions of 



vmnE 

a a 



9{3Lt,a,t) 



subject to E 



5(at,at) 



C, 



for C e (0, cxd). By the method of Lagrange multipliers we then conclude that 
a and a are solutions to 



{Qlu o-t) = argmin <^ At 



I{QLt,at) 
' 9{at^at) 



+ cX, 



u'^{at,at) 
9{at,at) j ' 
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provided that the resulting and at satisfy the necessary assumptions. Here, 
c (the Lagrange multiplier) is a constant chosen by the trader depending on 
the maximum acceptable cost: the bigger c, the smaller will be the cost of 
the strategy and, consequently the bigger its error. The functions /, g and u 
appearing above must in general be computed numerically, however, in the case 
when the limiting process X* is a symmetric stable process, which corresponds 
for example to the CGMY model very popular in practice [6], the results are 
completely explicit, as will be shown in the next paragraph. 



Case of locally symmetric Levy measures Assume that the limiting pro- 
cess X* is a symmetric stable process with characteristic function £'[e'"'^t ] = 
gtcr|u| (this means that {Ha) is satisfied with c+ ~ c_), and that (3 < I. To 
simplify notation, we write at := and dt = . Then, using the results 

from the Appendix, we compute: 

f{at,at) a 2 , q2i^ , 

g{a^,at) (a + 2)(a + l) * ^ *^ 

ul^iat,at) _ crr(l + a) sin ^ 
9{at,at) TT 

roc 

X / + 2at)-"/^ {\z + at(l + 0t)f-^ + \z + at{l - et)f~^) dz. 

Jo 

For fixed at, both ratios are minimal when 9 — (for the second functional this 
follows from the convexity of the function x H> x^~^ for a; > and /3 < 1). 
Therefore, it is optimal to choose dt = or ^ at- Therefore, the optimal 
process (at) minimizes 











E 


1 Atafdt 


E 


/ Xtaf~"dt 




Jo 




Jo 



As before, this can be easily solved using the method of Lagrange multipliers 
and we find that the optimal interval size is 




where c is a constant which is chosen by the trader depending on the maximum 
acceptable cost. 



Let us now specialize to the case (3 — (which means that the cost is equal to 
the expected number of rebalancings) . By the same logic as in Lemma [1] we get 
that for the optimal solution, the error functional for fixed cost, £{C), satisfies 

C -)■ 00. 



£{C) ~ C-- E 



dt 
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On the other hand, for equidistant rebalancing dates, it is known that un- 
der sufScient regularity, the discretization error of the quadratic hedging 
strategy in exponential Levy models is inversely proportional to the number of 
rebalancings (see [5]). This means that while in diffusion models, asymptoti- 
cally optimal hedging reduces the error without modifying the rate at which 
the error decreases with the number of rebalancing, in pure jump models, the 
asymptotically optimal discretization also improves the rate of convergence. 



Exponential Levy models To make the formulae even more explicit, assume 
that Y is an exponential of a Levy process: Yt — e^* where Z is a Levy process 
without diffusion part, and whose Levy measure has a density ^{x) satisfying 
v{x) - |^|It^, X -> 0. Then At = T.Y^ with E = /(e^ - lfv{z)dz. The 
quadratic hedging strategy in this case has been given by several authors |161 18] 
and is known to have a Markov structure: Xt = (j)(t,Yt) for a deterministic 
function (j). The compensator fi of the jump measure of X is then equal to dt 
times the image measure of v by the mapping 6{z) : z ^ (j){t,Yte^) — (f){t,Yf). 
Assume furthermore that the function is sufficiently regular, which is often 
the case in practice, and that 6' is strictly positive. Then, 

fi{dt X dz) = dtx i^{d^^{z)) 



S'iS-\z)) 



In this case, 



and therefore 



>o iy{z)S'{S-^{z)) ' ' " \ dY 



( d^it,Yt) 



Finally, when /? = and a — > 2, wc find that the optimal size of the rebalancing 
interval is proportional to the square root of ^'^gy^'"' (the gamma), which is 
consistent with the results of Fukasawa [TT] , quoted in the introduction. 



4 Proof of Theorem [T] 

Step 1. Reduction to the case of hounded coefficients. In the proofs of Theorems 
[T] and [21 we will replace the assumption {H^^^) with the following stronger one: 

(iJp) There exists a constant K > {) such that < Xt,atJ^t < K, \At\ < K 
and \bt \ < K ioi <t <T and moreover the process (Zt) defined by 

Zt=£(^J^ {K;\z) - 1)(M - n){ds X dz)^ , 

is a martingale and satisfies 

E'^[ sup \Zt\^P] < oo and E[ sup Zt] < oo, 

0<t<T 0<t<T 
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where Q is the probabihty measure defined by 

dQ. ^ 

Indeed, we have the following lemma. 

Lemma 2. Assume that (|lip holds under the assumptions (Hy), (Hx) and 
(Hi). Then Theorem]^ holds. 

Proof. First, observe that for every n. 



E 



< E 



(K-'^iz) ~ lfM{ds X dz) 



J\K7^(z)-l\<^ 



E 



{K^\z) - lfM{ds X dz) 



{K-^{z) - ifMids X dz) 



h J\K7^(z)-l\>^ 

which is finite by Proposition II. 1.28 in 15 since by assumption {Hl^^, 



E 



/O J\K7\z)-l\>^ 

This implies that the process 



J\K7^{z)~l\<^ 
+ E 



{K-^{z) ~ l)^n{ds X dz) 

\K-^{z) - l\fi{ds X dz) 



< oo. 



{Kj^{z) - 1)(M - ^l){ds X dz) 



is a local martingale and satisfies E[[L\!^^^ ] < oo for every n (see Definition 
II. 1.27 in [15 ). The process Zt :— £{L)t is then also well defined and we take 
Cn '■— Tn A inf{t : Zt > n}. Then, 



sup ZtAa„ <n+ |AZc,„ |lo-„<T <n + \Z\l 

0<t<T 



Zld[L]t 



<n + n[L]^^^j,, 

which is integrable. Therefore, we can define a new probability measure Q" via 



dP 



Ft — Zt/\ar, ■ 
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By Girsanov theorem (Theorem III. 5. 24 in [H]), M is a random measure with 
predictable compensator fi'^ :— dt x Xti'{dz) mider Q" on {t < (T„} and 



= £ 



{Ks{z) - 1)(M - ^'5")(ds X dz) 



tAcr„ 



Therefore, by similar arguments to above, we can find an increasing sequence 
of stopping times (7„) with -fn ^ T and such that both 

E[ sup ^tA7„] < oo and E'^ [ sup Z^T^ J < oo, 



0<t<T 



0<t<T 



Now we define y^" = ltA7„ and X" via Equation pO]) replacing the coefficients 
Xt, bt and Kt{z) with A" := AtA7„, ^" •= ^tA7,. and i4r"(z) = ii:t(z)lt<7„ + lt>7„. 
Moreover, we define a" := atA7„' ^" ^tA7„- The stopping times T^'"' and 
77"(<) are defined similarly. Remark that A" :— Atlt<^^ satisfies J^A^ds = 
{Y^)t, that X" coincides with X on the interval [0,7„] and that the new coef- 
ficients satisfy the assumption {H[) for K sufficiently large. Consequently, 



lime "^E 



{Xt~X^^t^fAtdt 



= E 



^*5(«r,«r) 



= E 



linie"2£; 



'^Aj-^^dt 



which implies, by Assumption (Hy), that 



E 



and so by Fatou's lemma, 

/(at>at) 



< E 



E 



At 



dt 



< E 



Therefore, by dominated convergence 



sup max(aj,,as)^ 

0<s<T 



sup max(aj,,as)^ 

0<s<T 



Afdt 



Afdt 



\imE 



aJ-^m 



On the other hand, 

i-T 



e 



e[ [Xt - X^(t)f Atdt < E sup max(a,,a^)2 /" At 

Jy„ 0<S<T J y„ 



dt 



The right-hand side does not depend on e and converges to zero as n ^> oo by 
the dominated convergence theorem. Therefore, the left-hand side can be made 
arbitrarily small independently of e, and the result follows. □ 
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Step 2. Change of probability measure. We first prove the following important 
lemma. 



Lemma 3. Under the assumption H[ 



lim sup {T!^^-T!) = Q 

i:T^<T 



almost surely. 



Proof. In this proof, let us fix cj G f2. By way of contradiction, assume that 
there exists a constant C > and a sequence {en}n>o converging to zero such 
that for every n, there exists i{n) with T^^^^_^^ — T^^^^ > C. From the sequences 

^^'^ i^i{n)}" ^'^ extract two subsequences {7t(^'("„'))+i}n and 
converging to some limiting values Ti < T2. For n big enough, 
there exists a nonempty interval I which is a subset of both {Ti,T2) and 

i'^!{Hn)) + l'^^{'^in)))■ ^^"^ "^^^"^^ ^^^^ ^'-''^t,se{T^^'<;\l\^^^,^^^^^^^ l^t~^s| < Ce^(„), 

we obtain that sup^ \Xt ^ Xs\ — 0, which is cannot hold since X is an infinite 



activity process. 

Let AT,+i = Ti+i AT -T,AT. The goal of this step is to show that 



□ 



lime"^£; 
£4.0 



We have 



{Xt-X^^t^YAtdt 



lim£;'3 
£4,0 



.4=1 



^i+iAT 



{Xt-XT,)^dt 



TitsT 



(14) 



+ 00 



+00 



■T,+iAr 



TiAT 



iXt-XT,y{At-AT,)dt 



i=0 



^T, + iAT^r, 



Ti+iAT 



XrA^dt 



Ti/\T 



Since for t e [T^, T^+i), (Xj - Xt,Y < using the boundedness of A, ([H]) wiU 
follow provided we show that 



+00 



lim Vi; 

fin ^ — ' 



£4,0 



i=0 



Ti + iAT 



lAf - At- \dt 



and 



+00 
lim Vi;^ 

£iO ^ 

1=0 



Ti/\T 



^Ti + iAT 



= 



■^TiAT 



(15) 



(16) 



14 



The limit (|15p follows from the dominated convergence theorem {A is bounded 
by assumption {H[) and A,,(t) At a.e. on [0,T] since A is cadlag and by 
Lemma 131). Using the fact that has finite quadratic variation together with 
Lemma [3] and Cauchy Schwarz inequality, we get that, in probability. 



+00 



Then follows from the integr ability of supig[o,T]'^r^j which is part of As- 
sumption {H[). 

Step 3. First, observe that by the dominated convergence theorem, since supj AT, 
tends to zero, ([14]) is equal to 



:= \imSl with 5^ := i;'^ [ V It <t^t^t^£"^^? [ / ^^'i^t - Xr-fdi] 

For this expression to be well defined we extend the processes A, 6, a, a by ar- 
bitrary constant values beyond T and define the process X for i > T accordingly. 

Define a family of continuous increasing processes (As(t))t>o indexed by s > 
by h.s{t) — f^^* Xrdr, the family of filtrations Ql = Txi+t and of processes 
{Xl)t>o and iXl)t>o by 



.T,+A-i(t) 



The process {Xl)t>a is a (Gj)-semimartingale with (deterministic) character- 
istics (0, z^, 0) under Q, therefore, it s a (GJ)-Levy process under Q (Theorem 
II.4.15 in Jl5J. 

Let fi = \al{t > Q '■ Xt ^ ["^Ti^i^TiS]}- Using a change of variable formula we 
obtain that 

T, + i i-f, <?2 

2 ■• ' ^ = 



iXt- XrYdt^ / ds. 

T. Jo A(T,+A^/(s)) 

Using the cadlag property of A together with the various boundedness assump- 
tions and the integr ability of supo<t<T , we easily get that 

^1 - '^E''[E^T.<T^^e'^E%, [ / X?dt] 

eiO ATi ■ Jo 

Then we obviously have that 
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Now remark that 



Ti+i — Ti 



ds 



XiT,+A^'{s)) 



(17) 



Then, 



i=0 



At, E^^^ [T,+i - T,] 

OO 

with 

\R^ < CE^ 



z=0 



A(T.+A;^.1(s))J 



A(T,+A-i(s))J 



Using (|17p . we obtain that 

\R^\ < CE^ 



< CE^ 



< CE'^ 



.1=0 

OO 



1 



ds 

A(T, + Ayi(s)) 



.i=0 



El 

i=0 



Ti<TZrp^ 



1 

~ A(r, + A-i(s)) 



(is 



At, A(s) 



which is easily shown to converge to zero. Consequently, we conclude that 
^1 = l?!?}^'' [E ^T.<TAT.Z^^'^^±f^e-'E'^^^ [ xUt] 



(18) 

Step 4- Comparison of hitting times and associated integrals. We start with the 
following lemma 

Lemma 4. Let k G M+ and n E N. Then, 



\Xt\"dt 



whenever the expression in the middle is well defined, where f and f ^ are 
deterministic functions defined by 



f^''\a,b)^E 
lT{a,b)^E 



\Xt\''dt 



\Xt\''dt 
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with 



Ti = inf {t : Xt < -as + tK'^ 



Xt>be- tK"^} 



f2 = mi{t : Xt < -as - tK^ or Xt>be + tK^} 
= inf{i : lAXtl > e{a + h)}. 

The proof follows from the fact that \Xt — Xt\ < tK^ and that X is a C/^-Levy 
process under Q, and that a jump of size greater than e{a + h) immediately 
takes the process X out of the interval. 

Lemma 5. 

lim£-(''+")"r^"(a, h) = lim£-('^+")"7^'"(a, h) = /*''''"(a, h) (19) 

e4,0 — ^ eiO 

uniformly on {a,b) G [01,02] x [61,62] for all < ai < 02 < 00 and < bi < 
62 < 00, with 



f*'-'^ia,b) ^ E 



Jo , 



where X* is a strictly a-stable process with Levy density 

C+la;>0 + C_l2;<0 



\l+a 



and T* = mi{t > : X; ^ {-a, 6)}. 



Proof. Let us define X^ = e X^^t^ X^ 
and 



£.1 



Xf-iX^e"-!, X^'^ = XI+tK'^e° 



Ti^ = inf{i,Xt^'^ < -a}, 



ii{t,Xl'' <-a}, 



rf ^ini{t,Xl^^>h}, 



T|^^ = inf{t,X[^^>6} 
^3 



= mi{t,Xt>b}. 



We write rf = t^'^ A t^'"^ for i = 1,2,3. Similarly, we define t^'^ :— inf{t 
l^-''^^! ^ (a + 6)}. Observe that by a change of variable in the integral. 



\xi\-dt 



\XI\'^dt 



From Lemma [TTl we have that X^ converges to X* in Skorohod topology. From 
Skorohod representation theorem, there exists some probability space on which 
are defined a process Y* and a family of processes such that and X^ have 
the same law, Y* and X* have the same law and Y"^ converges to Y* almost 
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surely, for the Skorohod topology. 



This implies that F^'^ and Y^'^ also converge to Y* almost surely, where 
F/'i = - tK^e"'-^ and F/'^ = F/ + tK^e"''^. Now using that the ap- 
plication which to a function / in the Skorohod space associates its first hitting 
time of a constant barrier is continuous at almost all / which are sample paths 
of strictly stable processes, see p/f], we obtain that erf converges almost surely 
to cr* for i — 1,2,3, where trf and a* are defined through Y^^'^.Y* in the 
same way as rf and r* through X*^'^, Moreover, since (t| < a^'^ for 

all £, we also have that crl ^ "'"''^ ^ ^* almost surely. 

Now remark that, almost surely, Y^ converges almost everywhere in t to Y^*, 
see Proposition VI. 2. 3 in [15]. Therefore, since |y'/|lt<CTf < max(a, 6) and 
|y/|li<^3,e/\^e < max(a, &) + K'^t, using the dominated convergence theorem, 
we obtain that almost surely 

( r\Y,rdtY^{r \Y,rdtY 

Jo Jo 

/'Cr|Acr-''^ per* 

i \Y,^rdtj^^{ \Y;rdt)r 

Jo Jo 

Finally, we deduce that 

( r \xi\^dtY { r \x;\^dt)\ 

Jo Jo 

( r""^ \xt\-dtY^{r \x;\'^dt)\ 

Jo Jo 

in law. 



Now remark that 



P[r^'^ > T] < exp{-re"iy((-oo, -(a + b)e] U [{a + b)e, oo))}, 

which, by our assumption (Ha) on the Levy measure, implies that the family 
(''"'''^)e>o has uniformly bounded exponential moment. This implies that the 
families 

( / l^rr^i)" and ( / iX^rdty = ( / \Xt\-dt)\ 

Jo Jo Jo 

parameterized by e, are uniformly integrable and therefore the proof of the con- 
vergence in is complete. 

It remains to show that the convergence in (jl9p is uniform in (a, h) over compact 
sets excluding zero. To do this, first observe that 6) is continuous 
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in (a, b) on compact sets excluding zero (this is shown using essentially the 
same arguments as above: continuity of the exit times for stable processes plus 
uniform integrability) . Secondly, since both /^'" and Z^' are increasing in a 
and b, a multidimensional version of Dini's theorem can be used to conclude 
that the convergence is indeed uniform. □ 

Step 5. First, let us show that 



Indeed, the absolute value of the difference between the expressions under the 
limit here and in (jl8p is bounded from above by 



i=Q 







< 



< 



i=0 



oo 



(20) 



where C is a constant which does not depend on e. Using Lemma [S] and the 
fact that a > 1, we get 



■0.2 , 



sup 



as e 0. 



This, together with the fact that i?'5[supo<(<7- ^] < oo, enables us to apply 
the dominated convergence theorem and conclude that ((20l) goes to zero. 

Finally, we have that 



Si < limsupS'^ [ V 1t,<t^t.^t'(^^+i " T^) 



e-'-"/^''(aT.,aTj 



Si > limsup^;'? [ V 1t,<tAt,Z-HT^+i - T,) -^^ 



Using a Riemann-sum type argument and the dominated convergence theorem 
together with the fact that 



e-Q\a,b) 



e--f;\a,b) 
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converge to 



/*Ai(a,6) 

uniformly on -k < a,b < K, we obtain that 



dt 



^ E 


IL 







5 Preliminaries for the proof of Theorem [2] 

In this section, we prove some technical lemmas concerning the uniform inte- 
grability of the hitting time counts and the overshoots, which are needed for the 
proof of Theorem [2] 

Lemma 6. Under the assumptions (Hx) and {Ci), for all j3 £ [0, a) and e > 0, 



\bs\ds 



Ti 



+ ce^-'' max{ar^,aTy^^-"^ minja^.,, aT,}^'^~'^^^""^-E^r, 

provided that the right-hand side has finite expectation. 
Corollary 1. Assume (Hx) and (Ci). Then for all e > 0, 



A, (is 



Ti 



(21) 



< ce" ^ min{aj,. , ot;} ^Ejr^, 



\bMs 



Ti 



; min{a-p. , } "Ejr^ 



Ti 



provided that the right-hand side has finite expectation. 



Proof of Corollary. Apply Lemma |6] with l3' — 0, a!rp. — a'rp, — min{ag-. , OTi}; 
then multiply both sides of (I^TI) by and use the fact that the hitting time of 
the new barrier is smaller than T^+i. □ 

Proof of Lemma[Ei First, observe that from the condition (Ci) we easily deduce 
by integration by parts that 



\z\Kt{z)iy{dz) < Cx'-'^ and / z^Kt{z)v{dz) < Cx^-°' (22) 

^■^l^l^;! J \ z\<x 

for all a; > 0, for a different constant C < oo. 
For this proof, let 

f{x) := x'^lQ<x<2aTie{'^'aT,£Y^'^Mx\'^lx>mTie+X^'^-2a^e<^ 
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By It 6 formula, 

+ E^^, \ f f f /(X, + z - Xt,) - f{X, - XtJ - /'(X, - XTM\z\<i}t^{ds x dz) 
{/(X,_ + z - XtJ - /(X, - XtJ}(M - n){ds X dz)\ . 



(23) 



The first term in the right-hand side satisfies 



E 



,\ds 



For the second term, we denote Ag := {z : Xs + z — Xt^ G (— 2ay,e, 2oTi£)} 
decompose it into two terms: 

E^^^ [X Lc {-^^^^ ^ ^ ~ ^^'^ ~ -^^^^ ~ ~ ~ XTM\z\<i}Kds X dz) 

<CEj=^^ J J {|z|'' + e^"^max{a^-\a^-^}|z|l|^|<i|/i(ds X rf^)] 

< CE^^^ f / Xsds [ \\zf +e^-^ma,ic{gir\a^-^}\z\l\,\<AKsidz) 



and 



< £ 



-E 



{/(X, + z - XtJ - /(X, - XtJ - /'(X, - XTj^l|,|<i}M(rfs X d^) 

^ ^ {/'(X, - XTj^l|,|>l}/i(ds X dz)] 

^ [f{Xs - XTM\.\>l}^^{ds X dz)] , 



21 



which is smaller than 

max{a^-^ , a^"^ }Ejr^^ 



z^li{ds X dz) 



li{ds X dz) 



3a^ e 



< Ce^ "(max{a^. ^,a^. ^} + £max{a^, ^,a^, "'^j) 



X max{a^. a^, °'}Ejr^ 



\,ds 



Assembling the terms and doing some simple estimations yields the statement 
of the lemma, provided we can show that the third term in the right-hand side 
of (|23l) is equal to zero. Splitting it, once again, in two parts, we then get 



E 



Ti 



< CE^p, 



As 



+z- Xt,) - f{X, - XtJ ^i{ds X dz) 
\z\^ ^{ds X dz) 



{ — oo, — a,-p. £)u(aT- £,cxd) 



< C max{a^ ",a^. 



A<,ds 



and for the other term. 



r 3-2 — /3-2i 

maxjOj,. , o!p. | 



-(M - /Lt)(ds X dz) 



< e^^-^E 



3a7 



z'^fi{ds X dz) 



< e 



2/3-2-Q 



max{a^. Oj^. "jiSjr^. 



X^ds 



Using the fact that both these terms have finite expectation by the assumption 
of the Lemma, we can now apply standard martingale arguments to show that 
the third term in is equal to zero. □ 

Lemma 7. Assume (Hx), (Ci) and (C2). Let {t„} be a sequence of stopping 
times converging to T from below. Then there exists e* > such that 



and 



sup E 

0<E<£* 



lim limi^ 

n— )-oo £4,0 



X' 



l+S 



< 00. 



Xx^ — X' 



Ti- 



i=N^ +1 



1+5 



= 0. 



(24) 



(25) 
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Proof. In this proof, we shall use the notation 



At= sup (max{af-i,af-i}i+*+max{ali+*)'^-i,a(i+*)'5-i})|6*r*+ 

0<s<T 

sup maxK,aj('^^(2-a))(i+^)^j^|^^^^^|((/3-2)A(-«))(i+^);^i+5_ 

0<s<T 

We decompose the process to be estimated as 

n 

^ \Xt, - Xt,_, f = Ml^ + Ml + Z^, 

^1 

n 



i=l 

Ml 



i=l 



i=l 



E 



where we write 

Aj* := e«-i max{af.-\4-'}|6«|+max{aT,^,aTj^''(2-"^ mm{aT,,aT,}^^-^^^^-"hs 

The processes and are martingales with respect to the discrete filtration 
J^^ := Tt„ ■ Note that for every J^-stopping time t < T, is an J^'^-stopping 
time. The Burkholder inequality for a discrete-time martingale M then writes 

N't 

<Ce[ \Mi-Mi_r\^+' 



and therefore, 



i+s 



i=JV5+l 
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By Lemma [HI this is smaller than 



CE 



^q(1+5)-1 



sup min{as,as} 

0<s<T 



77 \/3'-l 



\bJds 



e"' sup max{a,,a4^'^(2-a)^ij^|^^^-^|(/^'-2)A(-a) 



0<s<T 



E 



A^ds 



with /3' = + (5), where the last estimate can be obtained, e.g. by Holder 
inequality. 



Similarly, the process satisfies 



n: 



Ti 



Ti- 



< 



ce[ J2 [T Af-Ms}'^'] <ce[[ 



AT- Ms - Ej 



{AfY+'ds 











J 


r Af--ds 












< CE 


/ Asds 









The process Z can be treated along the same lines as well, since by Lemma [51 



E[\e"-^{ZN^-ZN^)\'+']<CE 



1+5 



< CE 



Agds 



The three expressions above are uniformly bounded by the assumption of the 
lemma, proving ([M)) . To show ([25]), observe that 









r f^- 1 




r - ] 


E 


/ Asds 


< E 


/ Asds 


+ E 


sup / Asds 

■i:Ti<T JTi-i 



The first term does not depend on e and converges to zero as n — >■ oo by the 
assumption of the lemma and the dominated convergence. For the second term, 
we use Lemma [3| and the absolute continuity of the integral. □ 

In the case /3 = 0, the assumption (C2) can be somewhat simplified. 

Lemma 8. Assume (Hx), (Ci) and (C2). Let {t„} be a sequence of stopping 
times converging to T from below. Then there exists e* > such that 

sup E[{e°'N^Y+^] < 00. 

0<e<£* 



lim limi? 

n— i-oo e4,0 



(e"(iVf-7V,-j) 



1+5 



= 0. 
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Proof. We follow the proof of Lemma [71 taking (3 = 0, 

AJ' := e"^^^ mm{arp.,aTi}~^\bs\ + minja^. , }~"As, 
and using Corollary [1] instead of Lemma [6l 



□ 



6 Proof of Theorem [2] 

Step 1. Reduction to the case of bounded coefficients. As before, we start with 
the localization procedure. 

Lemma 9. Assume that (|12p holds under the assumptions {Hy), {Hx) o,nd 
{H[) and (1131) holds under the assumptions (Hy), (Hx) and {H'^). Then The- 
orem\^ holds. 

Proof. The arguments related to the localization of Z are the same or very 
similar to those in Lemma [2] and so they are omitted. With the same notation 
as in the proof of this Lemma, and using (j25p in the first equality we then get, 
for < ;9 < a: 



lime"-^£; 



= lim lime"-'^^; V \Xt- 



Ti- 



i=l 



lim lime"-^£;[ V 

n->-oo eLO I ^-^ 

i>l:T;'<7„ 

'^xf^i^dt 

9(at:at) 



= lim E 



= E 









pT Si — 

x,!fi^dt 



9{at,at) 



where the assumption of the lemma was used to pass from the second to the 
third line. 

Step 2. Change of probability measure. The goal of this step is to show that 



5-2 :=lim£"-'^£;[V|A:T. -Xt. 



= \rme'''^E'^[Y,lT^_,<TZ^l^\XT^-XT^_,f]. (26) 

For the right-hand side to be well defined we extend the processes A, 6, a, a by 
arbitrary constant values beyond T and define the process AT for f > T accord- 
ingly. The case /3 = being straightforward, we assume that /3 > 0. 
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To prove ([H]), it is enough to show that 



= 



and hm e"-'^^^ \z^\ |Xt„. - Xt„. | 



= 0. 



(27) 
(28) 



The second term can be shown to converge to zero using Lemma[B] For the first 



term, for 1 < k < 



a+0p 



Holder inequahty yields 



oo 



sup Z^ 

0<t<T 



'eQ 



OO 



.Ti<T\^Ti 



i=l 



which is bounded by a constant for e sufhciently small by Lemma [7] (applied 
under Q) (the assumptions are satisfied because we are working under H'^ and 
therefore all coefficients are bounded). Therefore, the expression under the 
expectation in (127^ is uniformly integrable under Q as e ]. 0. On the other 
hand, by Cauchy-Schwarz inequality. 



i=l 



4=1 



Since has finite quadratic variation, and the last factor is uniformly inte- 
grable under Q by Lemma [71 due to the first deterministic factor, the whole 
expression converges to zero in probability and (|27l) follows. 



Step 3. Using the same notation as in the proof of Theorem [T] (Step 3), we have. 



e-PE'^[Y^lT^_,<TZTlST^-T^-l) 



E' 



oo 

s"-PeQ[J2 1t._i<t^t/_,At._,(T, - T,_i) 



E 



\XfA^ 



i=l 



where one can show, using first Lemma [HI and then exactly the same arguments 
as in the proof of Theorem [TJ that i?"^ — s> as e J, 0. Then, from the previous 
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step, 



oo 



00 



E' 



00 



Our next goal is to replace Xf. with in the above expression, where fi 
inf{i > : Xt ^ [— £1 ^Ti^]}- Let a — min(ay. ,aTj and define 



/( 



|3:|<£a + 1^1 



2 

2 - ea 

/ is a twice diff'erentiable function satisfying 

< Ce^-i and < Cel^-^ 

and hence the Ito formula can be applied. Then, 

E^^^J\X,f~\Xr.f] < E%^ [f{X,^)-f{X,^)]+E%^ 



(29) 



By definition of X and X and because all coefficients are bounded, the first 
term satisfies 



E 



For the second term, we use the Ito formula: 

E%^Jf{U)-f{Xf.)] 



E 



Q 



E 



TiATi 



{f{Xs + z)- f{Xs) - zli,i<J'{Xs)Mdz) ds 

+ z) - /(X,_)}(M(ds X dz) - v{dz) ds) 



where M is the jump measure of X. It follows by standard arguments that the 
local martingale term has zero expectation. To deal with the first term we use 
the bounds ([29]) and decompose the integrand as follows: 



{f{Xs + z)- fiXs) - zl|,|<i/'(X,)}i.(dz) 



\z\<e 



z^v{dz) + Cel^-^ / \z\v{dz) < Ce^'"', 



\z\>e 
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so that finally 

Substituting this estimate into the formula for 82^ we then get: 



00 



lini W 



with 



OC 



00 



E 



The first expectation is bounded (because A is bounded and Z^^ is integrable, 
and therefore the first term converges to zero. For the second term, we observe 
(using the notation of the proof of Theorem [1] Step 4) that 



and E^^ -f,| < E 



Q 



-rO,l 



^ {t2 At^ - fi) < (a-r., arj - (ot;' ^Ti)- 



In view of Lemma [5] we then conclude that the second term converges to zero 
as well. Finally, we have shown that 



oo 



where is a deterministic function defined by 



u^{a,b) = E[\Xff], T = mi{t >0:Xt^ {-ae,be)}. 
Similarly to the last step of the proof of Theorem [l] we can now write 



S2 < limsup 



S2 > limsup^«[ V1t._i<t^t\At.„i(T, =^ 

Using Lemma (jlip we obtain uniform convergence of 

£-^Mg(a,6) 



28 



towards ,"01/ K\ and conclude that 

□ 



Appendix 

Some computations for stable processes 

Proposition 1. Let X be a symmetric a-stahle process on M with characteristic 
Junction £'[e™-^'] = e"*""!"!", and Ta,b = inf{i > : ^ {-a,b)}. Then, 



g{a,b) 



Xfdt 



a{ab) 



1+^ 



a b 

2CTr(3 + a) \ \b a 



1 



The proof of this result is based on the following lemma, where we consider the 
exit time from the interval [—1,1] by a process starting from x. 

Lemma 10. Let X be as above and ti — inf{t > : Xt ^ (—1, 1)}. Then 



six) := E- 



Xfdt 



1 2(l-x2)t {a;2 + f} 

TVo~i — ^ l^eC-i,!) 

a 1 (3 + a) 



Proof of lemma. Without loss of generality, we let cr = 1 in this proof. Let 
g{u) = /jg e™^g(a;)(ix. Using the arguments similar to the ones in [12], one can 
show that the function g satisfies the equation C^gAix) = —x"^ on. x € (—1, 1) 
with the boundary condition g{x) — Q on x ^ (—1, 1), where L" is the fractional 
Laplace operator 



dy 



\y 



l+a ' 



Moreover, the function g satisfies the system of integral equations 



1 



71" Jo 



g{u)\u\°' cos{ux)du = x^ , |x| < 1, 
g{u) cos{ux)du = 0, > 1. 



1 + a 3 + a 

Letgi(u) — u ~ J i+a_(u) and52(u) — u ~ J s+a (u). Then, from 13, Integral 
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6.699.2], we get: 

gi{u) cos{ux)du = 

gi{u)\u\'^ cos{ux)du — 2^~T 



) 3 / 1 I Q' 

g2(w)|u|" cos{ux)du — 2^~r 



g2{u) cos{ux)du =^ 0, |a;| > 1 
1 + a" 



gi{u) cos{ux)du = 2 



g2{u) cos{ux)du — 2 



- ,^li, {l-x^)^ |x|<l, 
P^a±2^v y II 



From 



g{u) = TT 



gi{u) - 252 (w) 



(30) 

|x| < 1, (31) 
{l-{l + a)x^), \x\<l, (32) 

(33) 
(34) 



2^r(i±ii)(l + a) 
To conclude, we compute the inverse Fourier transform of g from 



□ 



Proof of the proposition. Once again, we set a — 1 without loss of generality. 
Recall a result of Blumenthal, Getoor and Ray [4]: the law of a symmetric 
stable process starting from the point x with |a;| < 1 and observed at time ri 
has density given by 

fi{x,y) = isin^(l -x2)t(y2 _ l)-'^\y-x\-\ \y\ > 1. 

By scaling property, we then deduce that the density of a symmetric stable 
process starting from zero, and observed at time Taf, is given by 



1 TTCt cv 1 

[^a,h{^) = - sin — (a6) = ((z + h){z -a)) ^ — 

TT 2 \z\ 



(35) 



Similarly, from the preceding lemma, we easily deduce by scaling property that 



9a{x) ■.= E^ 



x;dt 



2(^2 -a;2)f{x2 + 1^2} 
r(3 + a) 



This function satisfies the equation CgAix) = — a;^ on [—A, A] with the terminal 
condition gA{x) = on x ^ [—A, A]. Taking A > (a, 6), we then get by Ito 
formula 



E[gA{Xr^,J] ^ gA(Q) - E 



Xfdt 



By symmetry, it is sufficient to prove the theorem for a > b. Taking ^ = a in 
the above formula, we finally get 



E 



X^dt 



-,a+2 



r(3 + a) 



gA{x)tJ.a,b{x)dx 



2sin^ 



r(3 + a) 7rr(3 + a) 



(a6)t (z' + ^a^) 



z^b 



dz 

z 
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Computing the integral then yields the result. □ 

Remark 3. Let us list here several other useful results which are already known 
from the literature or can be obtained with a simple computation. By a result 
of Getoor [12 : under the assumptions of Proposition [l] 



ar(2±ii)r(i±^)' ' ar(i + a)' 

By scaling property we then deduce that for general barriers 

^-^[-^] = ^j\^. (36) 

Similarly, from psp . we easily get, for /3 < a, 
sin — 

E\\^r^,b?\^ 2_(a6)f / z-"/2(2 + a + 6)-"/2 + + |2 + 6|/3-l)rf2^ 

Jo 

(37) 

and in the case a — b, this integral can be expressed in terms of special functions 
and is equal to 

o2-^~^sin^ / a \ fa a a 



2' 2 2 / ' 

where B is the beta function and F is the hypergeometric function. 

Convergence of rescaled Levy processes 

Lemma 11. Let X he a Levy process with characteristic triplet (0,;^, 7) with 
respect to the truncation Junction h{x) = — 1 V x A 1 with 

x"t'((a:, 00)) — > c+ and x"i'((— 00, — x)) ^ c_ when a; — !■ 

for some a G (1,2) and constants c+ > and c_ > with c+ + c_ > 0. For 
e > 0, define the process via X^ = e^^Xga^. Then X^ converges in law to a 
strictly a-stable Levy process X* with Levy density 

- (-) = ^TT^^ ■ (38) 

Assume in addition that there exists C < 00, such that for all a; > 0, 

i/((-x,x)") < Cx-" 
and for a,b d (0, 00) and j3 € (0, a), let 

4ia,b) = E[\X^.f], = inf{i > : X^ ^ i-a,b)}. 
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Then, 

limUg (a, b) = u^{a, h) 
uniformly on {a,b) G [K~^,K]'^ for all K < oo, with 

u^{a,h) = E[\X;,f] 
and T* = inf{t > : X* ^ (-a, b)}. 

Proof. Part (i). From the Levy-Khintchine formula it is easy to see that the 
characteristic triplet (A*^, i^^, 7*^) of is given by 

= 

=e"i/({x:x/eGB}), B e B{R); 

.Q-l 



7^ = £"-i{7+ / i,{dx){sh{x/e)-h{x))}. 
Jr 

Under the conditions of the Lemma, by Theorem VII. 2. 9 and Remark VII. 2. 10 
in [TS], in order to prove the convergence in law, we need to check (a) that 

c+ - c_ 

7 ^ 



a{a — 1) ' 

where the right hand side is the third component of the characteristic triplet of 
the strictly stable process with Levy density (I55|) with respect to the truncation 
function h, and (b) that \x\'^ A 1 • ^^{dx) converges weakly to |a;p A 1 • i'*{dx). 
Since a > 1 and h is bounded, for rj sufficiently small, using integration by parts 
and the assumption of the Lemma, we obtain 

lim7^ = lime"-i / i^{dx){eh{x/e) - h{x)) 



x \ <7] 

lime""' <j / {-e-x)v{dx)+ / {e ~ x)v{dx) 

— // J 6 

lime"^"^ / v{[—ri,x])dx — / i/{[x,ri])dx 

-e rri 

= lime""'^ I i'{{—oo,x])dx— / h'{[x,oo))dx 



= lime"-'<! / ' -^dx- r P^dx 



eJ-O \J-r) Nl" Je kl" J a{a - I)' 

For the property (b), it is sufhcient to show that for all x > 0, 



\z\' M-v%dz) / \z\' M-v*{dz) 
and / \z\^ M-v'{dz) ^ I \z\^ A I ■ v* [dz) . 

00 
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This is done using integration by parts and the assumption of the Lemma as in 
the previous step. 

Part (ii). First, similarly to the proof of Proposition 3 in [T7], it is easy to show 
that X^e converges in law to X*, as e J, 0. To complete the proof of the lemma, 
it remains to show that for all (3 e (0, a), 

is bounded uniformly on e. From Lemma |6l 

E[\X^.f] < Ce-"E[T''] 

for some constant C which does not depend on e. On the other hand, for e 
small enough. 

Eh"] < ElinUt : lAXA > e(a + b)}] = — ^—r-- < C'e" 

i'[[—ea, eoj^j 

for a different constant C". 

It remains to show that the convergence is uniform in a and b. First, us- 
ing trajectorial continuity and uniform integrability as above, we show that 
it^(a, &) is continuous in (a, 6) for (a, 6) £ [K^'^,K]'^ and therefore also uni- 
formly continuous on this set. Letting i5 > 0, we use this to choose p such that 
for all (a, 6) and {a',b') belonging to [K^^,K], \a — a'\ + \b — b'\ < p implies 
\uPia,b)-u^ia',b')\ <d/2. 

Next, for every A > 0, 

u^(Aa,Afo) = A^uf;,(a,6), 

which means that {Xa, Xb) converges to M'^(Aa, A6) uniformly on A £ [Ai,A2] 
for < Ai < A2 < 00. For — uq < ai < . . . un — K with 0^+1 — Ui < p 
for i — 0, . . . N ~ 1, this enables us to find Eq such that for all e < Eq, every 
t = 0, ...^andaUAe 

\u'',{Xa^,XK)-u''{Xa^,XK)\<-. (39) 

Now, let (a, 6) £ [K~^,K] be arbitrary, but to fix the ideas, assume without 
loss of generality that a < b. Since (a, b) is increasing in a on a < &, 

uf(a,&) e [uf(a,-^,6),uf(aj+i-^,6)], 

where i is such that Oi < a-^ < a^+i, and by the property ((39)) . also 

wf(a,&) e [w^(a,-^,fo)-^,u'3(a,+i-^,6) + ^]. 

We finally use the uniform continuity of to conclude that (a, b) G [u^{a, b) — 
S,u^{a,b) + 5]. ' □ 
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